KAHLER-RICCI SHRINKERS AND FANO FIBRATIONS, II

SONG SUN AND JUNSHENG ZHANG

ABSTRACT. This paper is the second in a two-part series on Kéhler—Ricci shrinkers and Fano
fibrations. We introduce the notion of weighted volume for Fano fibrations and establish
several of its basic properties. We also formulate a series of conjectures relating Kéhler—Ricci
shrinkers to Fano fibrations from both algebraic and metric-geometric perspectives.

1. INTRODUCTION

A Kéhler-Ricci shrinker (i.e., a complete shrinking gradient Kéhler-Ricci soliton) consists
of the data (X, J,w, f), where (X, J,w) is a complete Kéhler manifold, and f is a real-valued
function on X such that JV f is a holomorphic Killing field and the following equation holds

Ric(w) + V—-190f = w. (1.1)
The vector field JV f is referred to as the soliton vector field. We normalize f so that
Auf + [ = IVHOf =0 (1.2)

The following result was established in our previous paper, the first part of this series. We
refer the reader to [SZ26l Section 2] for the definitions of the notions used below.

Theorem 1.1. A Kdhler-Ricci shrinker (X, J,w, f) naturally defines a polarized Fano fibra-
tion. In particular, X s quasi-projective.

Given Theorem then we make precise a general conjecture relating the existence of
Kahler-Ricci shrinkers and stability in algebraic geometry.

Conjecture 1.2. A smooth polarized Fano fibration (7 : X — Y, &) admits a Kdhler-Ricci
shrinker, which is unique up to the action of Aut(X,§) (the group of automorphisms of X
preserving &), if and only if it is K-polystable.

The notion of K-stability for polarized Fano fibrations will be defined in Section In
general, we allow X to have singularities and thus, an appropriate notion of a singular Kahler—
Ricci shrinker is introduced; see Section for a more detailed discussion on this. Conjecture
together with its singular version Conjecture sets a uniform ground for the Yau-Tian-
Donaldson type conjectures for Fano type situations studied previously, including positive
Kéhler-Einstein metrics, Ricci-flat Kéhler cones, and compact Kéhler-Ricci shrinkers. Along
the way, we introduce a local invariant, the weighted volume W, for Fano fibrations. This
unifies the normalized volume in [LiI8] for a kit singularity and the S-invariant in [HL.24] for
a Fano variety. Moreover we establish the following local-to-global volume comparison as an
algebraic analogue of the Bishop—Gromov volume comparison.

This work was completed at the SLMath (MSRI) during Fall 2024 (partially supported by the NSF Grant
DMS-1928930). We thank Yuji Odaka for the helpful discussion and comments. The second author also thanks
the IASM at Zhejiang University for the hospitality during his visit in Spring 2024, where part of this work
was done.

1



2 SONG SUN AND JUNSHENG ZHANG

Theorem 1.3. Given a Fano fibration germ (7 : X — Y,p) and q¢ € 7~ 1(p), we have the
following local-to-global comparison for weighted volume

W(X,q) > W(m,p). (1.3)

The Yau-Tian-Donaldson type conjecture in general predicts that the existence of canonical
Kahler metrics is equivalent to certain stability notions in algebraic geometry. The aim is
to relate the question of solving a difficult non-linear partial differential equation to more
amenable algebro-geometric numerical conditions.

For Kéahler-Einstein metrics on Fano manifolds the Yau-Tian-Donaldson conjecture was
proved in [CDS15], which provides an algebro-geometric criterion in terms of K-polystability.
The easier direction that the existence of Kahler-Einstein metrics implies K-polystability
was previously known by [Berl6] for general Fano varieties. One follow-up research direc-
tion focused on extending the result of [CDSI15|] to Fano varieties. This was established for
Q-Gorenstein smoothable Fano varieties by [SSY16]. Based on the variational approach ini-
tiated in [BBJ21], it is established in [Li22] the case of general Fano varieties satisfying a
stronger notion of reduced uniform K-stability. The algebro-geometric study of K-stability of
Fano varieties has seen substantial progress recently, using deep techniques from birational
geometry such as those in [HMX14] and [Bir19) Bir21]. In particular, it is proved in [LXZ22]
that K-polystability of a Fano variety is equivalent to reduced uniform K-stability, which then
completes the algebro-geometric aspect for general Fano varieties. On the differential geomet-
ric side however, there are still intriguing questions on the geometric behavior of the singular
Kéhler-Einstein metrics and linking them to metric geometry (for example RCD spaces);
there are important recent progress [GPSS24, [Szé24]. For Ricci-flat Kéhler cone metrics on
Fano cones (or Sasaki-Einstein metrics), the YTD type conjecture, formulated in [CS18], was
proved in [CS19] for isolated singularities, and in [Li21] for general Fano cones.

Kéhler-Ricci shrinkers are natural generalizations of both positive Kéhler-Einstein metrics
(where f = 0) and of Ricci-flat Kdhler cones (where Ric = 0). In the compact setting, it
was proved by [TZ02] that the soliton vector field is a holomorphic invariant of the Fano
manifold which minimizes a strictly convex functional and it was proved in [TZ00, [TZ02] that
Kahler—Ricci shrinkers when exist are unique up to automorphisms. A YTD type conjecture
for compact Kéhler-Ricci shrinkers is known to hold due to the work of [BWNI4] and [DS16]
(see also [CSW18]). Generalizations to singular Fano varieties are proved by [BWNI4] [HL23,
BLX7Z23].

In the non-compact setting a systematic study of Kéahler-Ricci shrinkers was initiated in
[CDS24]. In particular, it was realized, using the Duistermaat—Heckman localization formula
in symplectic geometry, that the soliton vector field still can be determined by a weighted
volume minimization principle in suitable settings. This reveals the “Fano” aspects of non-
compact Kéhler-Ricci shrinkers, which behave better than the more extensively studied case
of Ricci-flat Kahler metrics. It also allows some partial classification theory of Kéahler-Ricci
shrinkers. In [CDS24] a preliminary attempt was made to relate the existence of Kahler-Ricci
shrinkers to algebro-geometric stability. A complete classification of non-compact Kéhler-
Ricci shrinkers in complex dimension 2 is known, due to the works in [CDS24, [(CCD24b!
BCCD24, LW23]. Conjecture incorporates the YTD type conjecture for all the above
special cases.

Another goal of this paper is to describe a picture for understanding singularities of Kéahler-
Ricci flow space-time in terms of local algebraic geometry of Fano fibrations, extending the
local singularity theory in [DS17]. The general scheme is to connect tangent cones of singu-
larities in canonical differential geometric objects with algebraic geometry. Tangent cones,
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arising from rescalings and often showing natural symmetries, are fundamental in studying
singularities in geometric PDEs. However, their uniqueness, independent of rescaling subse-
quences, remains a well-known open problem. In [DS17] the uniqueness of tangent cones of
non-collapsed singularities of polarized Kahler-Einstein metrics was established by drawing
connections with algebraic geometry. More importantly, [DS17] gives an algebro-geometric
description of the unique tangent cone through a 2-step degeneration theory in terms of a
valuation canonically defined by the metric. The latter is conjectured in [DS17] to be an
algebro-geometric invariant and to lead to a local stability theory for algebraic singularities.
[Li18] related this picture to a generalized volume minimization in Sasaki geometry and re-
formulated this conjecture using more algebro-geometric terminology. The conjecture was
confirmed in [LX18, LWX2I] and the algebro-geometric aspect, referred to as the stable de-
generation conjecture, is further extended and developed by many people (see for example
[Blul8l BL21l Xu20), X7Z21] XZ22] [XZ24] and the references therein).

A parabolic generalization of this picture is the setting of singularities of non-collapsed
Kahler-Ricci flow space-time. Natural examples include finite time singularities and ancient
solutions of Kéahler-Ricci flow and the static space of a singular Ricci-flat Kahler metric. The
corresponding tangent flows are exactly Kahler-Ricci shrinkers (with possible singularities).
On a Fano manifold, it was discovered by [CSWI§| that the long-time behavior of the nor-
malized Kahler—Ricci flow, when the initial class is a positive multiple of the anticanonical
class, generates new algebro-geometric degenerations for Fano manifolds. In particular, it was
proved that any long-time solution to the normalized Ricci flow on a Fano manifold leads to
a 2-step degeneration theory (similar to [DS17]) to a unique Kéhler-Ricci shrinker on a Fano
variety. It was conjectured in [CSWIS§| that this degeneration is independent of the initial
data hence inducing an optimal degeneration which is an algebro-geometric invariant of a
Fano manifold. This conjecture was confirmed by [HL24] for smooth Fano manifolds, based
on earlier work of [Hel6] and [DS20]. Further algebro-geometric aspect of the conjecture on
general Fano varieties was proved in [BLXZ23].

In this paper we formulate a series of conjectures that would yield the uniqueness of tangent
flows of non-collapsed Kéhler-Ricci flow space-time, in terms of a 2-step degeneration picture
for the weighted volume minimization; see Section It is very likely that the deep work
of [Birl9l Bir21l Bir22l, [Bir23] combined with suitable extensions of the previous techniques
[Xu20l, BLX22l [HL.23, BLXZ23|, LWX21l, XZ22] could be used to solve the algebro-geometric
aspects of these conjectures. Moreover, we expect the weighted volume, as a local invariant for
Fano fibrations, to play a role in the study of boundedness questions in birational geometry.
We leave these for future study.

Remark. This is Part II of our 2024 arXiv preprint Kdhler—Ricci shrinkers and Fano fibra-
tions (arXiv:2410.09661). Since then, considerable progress has been made on some of our
conjectures. To preserve the historical context, we have retained the original text, apart from
making the proposed definitions of the degree functions in Sections and more precise.

2. WEIGHTED VOLUME OF FANO FIBRATION GERMS

Fix a Fano fibration germ (7 : X — Y,p) with dim X = n. Fix a positive integer r such
that L = —rKx is a Cartier divisor. Since 7 is proper, for any m > 0, the push-forward
m+O(mL) is a coherent sheaf on Y. Denote by R,, the stalk of m,O(mL) at p. Then we
obtain a graded Oy -algebra

R =P R = P (.0(mL)),. (2.1)

m2>0 m2>0
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Consider a real valuation v on the function field K (X) which is centered in 7—!(p). This
means that if O, is the valuation ring of v, then there is a unique scheme-theoretic point
cx(v) € X, the center of v, such that we have a local inclusion of local rings Ox ., () = Oy

and the Zariski irreducible closed set {cx(v)} is contained in 7=!(p). Moreover, in the case
when 7 is birational a valuation on K(X) centered in 77!(p) is the same as a valuation on
K(Y') centered at p.

The valuation v induces a valuation on R as follows. Choose a closed point ¢ € {cx(v)}
and trivialize L in an affine neighborhood of ¢ in X, then we have injective maps:

R, — OX7q — OX,cX(v) — K(X) (2.2)

It is straightforward to show that the induced valuation on R is independent of the choices.
The valuation induces a filtration F; on the graded algebra R, by setting

Fo R i={f € Run|v(f) > \}.
Then as in [WN12, [BC11l BKMSI15, BHJ17] we consider
1

(rm)"

DH,), := > dime(F) " Ry ) Fy X R ) 0. (2.3)

A>0

Proposition 2.1. For each m > 1, DH,, defines a Radon measure on [0,00). Moreover, as
m — oo, DH,,, converges weakly to a unique limit measure DH(v), called the Duistermaat—
Heckman measure of v.

Proof. This can be proved by following the argument in [BC11) [Cut13l LM09, KKO0§|. From
the proof, we also see that the measure DH(v) is independent of the choice of r, the positive
integer chosen at the beginning of this section to ensure rKx is Cartier.

Here weak convergence of Radon measures means convergence against continuous com-
pactly supported test functions. If Y is a point, this has been proved in [BC11], so we only
consider the case when dimY > 0. Note that

1 d . .
(rm)7 T dime (R /F, ™ R (2.4)
In the following, for simplicity of notation, we assume r = 1 and it follows from the proof that
the limit measure does not change if we replace L with a multiple. By the compactness of

Radon measures and the uniform estimates (2.20)), we know that DH,, is weakly precompact.
As in [BC11], by the dominated convergence theorem, it suffices to show that the limit

DH,, =

1
lim — dim¢(Rp/Fy™ Rin) (2.5)

m—00 1M,

exists for almost every ¢t > 0. Indeed, in the case dimY > 0, we can show that the above
limit exists for every ¢t > 0.
The strategy is to apply the following theorem due to [KKO08| and [LM09].

Theorem 2.2 (JLM09]). Denote by N the set of non-negative integers and let T C N"*1 be q
sub-semigroup. For m € N, we denote 'y, = T'N(N™ x {m}), which can be viewed as a subset
of N, Suppose I' satisfies the following three conditions:
(1). To ={0};
(2). There exist finitely many vectors (vi,1) spanning a semigroup B C N"*1 such that
I' Cc B;
(3). T generates Z"*! as a group.
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Then the limit
L Am
im
m—oo mh
exists and equals the Euclidean volume of the Okounkov body of the semigroup I.

Take a log resolution ¢ : X — X, then the center of v on X satisfies that {c (v)} C
¢ (77 1(p)). Choose a point ¢ € {c (v)} such that cg(v) is smooth in a neighborhood of

¢. In an affine chart around ¢ we assume cg(v) is cut out by k regular functions z1,--- , 2.
Then v(z;) > 0 for all i = 1,--- ,k. We may add regular functions zj41,--- , 2, such that
{z1,- -+, zn} form local analytic coordinates around q.
Choose rationally independent positive real numbers aq, - - - , oy, with
a; <min{v(z;),1},i=1,--- k. (2.6)
Consider two quasi-monomial valuations val and v given by
n k
val(f) = min{z a;fi | cg #0}. o(f) = min{z a;fi | cg # 0}, (2.7)
i=1 i=1

for 0 # f € Og 2, written in the completion (?)?\ZI ~ Cllz1,...,z]] as f = X5 cgz? with
cg € C. By the ch01ce of a; (2.6) and [JM12, Proposition 3.1], we know that for f € O¢

cg(v)
v(f) = o(f). (2.8)

Since the a;’s are rationally independent, f € O Ei\ {0}, we can define
val(f) = (vali(f), -+ ,vala(f)) € N" (2.9)

if val(f) = vali(f)as + - - - + val, (f)ay,. Then we have the following result.

Lemma 2.3. There exists a positive constant C' such that for any m > 0 and 0 # s € R,
we have

Z val;(s) < C(3(s) +m). (2.10)

Proof. We consider the blowup ¢’ : X’ — X of X along the subvariety {cz(v)} and let E
denote the exceptional divisor. Then there exists a positive constant C such that for any
0 # s € Ry, there exists a non-negative integer c(s) satisfying

c(s) < Co(s), (2.11)

and s induces a non-zero section s’ in
HY(E,mL — c(s)E). (2.12)
Note that the valuation val also naturally induces a valuation val’ on E. Without loss of
generality, we may assume val(z;) = min{val(z;) : i = 1,--- ,k}. Let ¢ € X’ denote the
point, around which we have local analytic coordinates: {z1,u; = j—i,zj |i=2--kj=

k+1,--- ,n}, where E is locally given by {27 = 0}. Then we define val’ to be the quasi-
monomial valuation on F centered at ¢’ with the following weights:

val'(u;)) = oy — i =2, k, val'(z;) =aj,j=k+1,---,n. (2.13)
Then since a1 < 1, we can easily check that
n I
1 1
Y vali(s) < —— (s)  cols) +val(s) (2.14)

) - < - ‘
min’; o min;; o
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Fix a very ample line bundle A such that both L + A and A — FE are very ample, then we
have injective maps:

HYE,mL — ¢(s)E) — H(E, (m + ¢(s))(L + 24 — E)). (2.15)

By definition, val’ is a quasi-monomial valuation on FE, then by [BKMSTH, Proposition 2.12],
there is a positive constant C' independent of s € R,,, and m such that

val'(s') < C(c(s) +m). (2.16)
Then (2.10) follows from (2.11f), (2.14)), and (2.16]). O

Since the valuation val is centered at a closed point and the weights a; are rationally inde-
pendent, from (2.8]) and (2.10|), we obtain that there exists a positive number N, independent
of m and t such that

dime(Ryn /FI" Ren) =#{(d1, -+, dy) € val(Rin) | Y di < N(t + 1)m}

= (2.17)
= #{(d1, - dn) € Val(F"Rn) | 3 di < N(t+ 1)m}.
i=1
Then we have two sub-semigroups of N"*! given by
D= {(d1, - dn,m) | (di, -~ dn) € val(Rpn), > di < N(t+1)m},
= (2.18)
I = {(dy,  dpym) | (dr, - dn) € val(FIMRyn), > di < N(t+ 1)m}.
i=1
It is then clear that I" and I" satisfy Condition (1) and Condition (2), since
T C{(dy, - ,dn,m) | > di < N(t+1)m}. (2.19)

i=1
Therefore we have a uniform dimension estimate for m > 1,
dime (R /F, M Ry,) < C'm™(A 4 1), (2.20)

which implies that DH,, is well-defined.

Since IV C T, to check Condition (3), it suffices to show it holds for IV. We may also allow
N to increase if necessary. As L is relatively ample, we can find mg such that for all m > my,
there exists an f,, € R,, with

val(fm) = 0. (2.21)
Note that v induces a valuation on Oy, as there is a natural inclusion Oy, — K(X) via 7*.

Since dimY > 0 and v is centered in 7~ *(p), we can choose a non-zero element h € m, C Oy,
such that

v(h) > t+1. (2.22)
Note that by the choice of h, we have h™R,,, C qumRm and for m > t, we have
W Ry € FUMHIR, L. (2.23)

Therefore by choosing m large, we get

(0.1) = (val(h™ fng1), m+ 1) = (val(h™ ), m) (2.24)
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is in the group generated by I'" (with a possibly larger N). Again, since L is relatively ample,
one can directly check that for each z;, there are g;,s; € R, such that

val(z;) = val(g;) — val(s;) (2.25)
and then we consider
gi=h"g;, and s, = h"™s;, (2.26)
which are both contained in F/™i R,,,.. Then we know that
(€:,0) = (val(gs), m;) — (val( ), m;) (2.27)

is in the group generated by I" (with a possibly larger N), where {e;}" ; is the standard
basis of Z". This shows that Condition (3) holds so one can apply Theorem - to get the
conclusion. 0

We will use the notion of log discrepancy Ax(-) € [0, oo] for valuations, as defined in [JM12]
Section 5]. We only remark here that if X has klt singularities and v is nontrivial, then
Ax (v) is strictly positive. Moreover the definition of log discrepancy has been generalized to
valuations on normal varieties [DFH09, BAFFU15], although here we focus on the case where
X has klt singularities.

Let (7 : X — Y, p) be a Fano fibration germ. We denote by Valy , the set of valuations v
with Ax (v) < oo and centered in 7 1(p).

Definition 2.4 (Weighted volume of a valuation). Given v € Val;
volume by

xps We define its weighted

W(v) := ex®) / e * DH(v). (2.28)
R

Remark 2.5. When we need to emphasize the dependence on the Fano fibration, we will use
the notation W (v).

From the estimate ([2.20), it is easy to see that W(v) is always finite and

W(v) = eAx® lim [ e *DH,,(v). (2.29)

m— 00 R

We will be interested in minimizing W on the space Val* . This is closely related to the study
of Kéhler-Ricci shrinkers and Kéhler-Ricci flows. We W111 explain more details in Section [4
The above definition incorporates several special situations studied previously:

Example 2.6. If 7 is the identity map, then L is trivial and R,, = Oxp for all m > 0. One
can check that

W(v) = X vol(v), (2.30)
where |
vol(v) = nlgnoo o dimc(Ox p/am(v)). (2.31)

Here a,,(v) :== {f € Ox, : v(f) > m} denotes the valuation ideal of v. This is a variant of
the normalized volume defined by Li [Lil8], but they lead to the same minimization problem.
The reason is that the normalized volume is scaling invariant and to minimize W(v) for all
valuations, it is sufficient to minimize it over the slice

{veValy | Ax(v) = n}. (2.32)

The functional W has the additional advantage that it is not scaling invariant and it is possible
to obtain the strict uniqueness of a minimizer.



8 SONG SUN AND JUNSHENG ZHANG

Example 2.7. If Y is a point, then X is a Fano variety. In this case, the Duistermaat—
Heckman measure DH is not normalized to be a probability measure, and we have

W(v) = H;X)nem (2.33)

where 5 is the functional introduced in [HL24]. Note that on a fized X, the factor (—Kx)"
s not important, however, we expect that the weighted volume functional W provides a more
natural quantity in studying boundedness questions; see the discussion in Section [{.5

Definition 2.8. We define the weighted volume of

e a Fano fibration germ (m: X — Y, p) to be W(m,p) := infve\/al;p W(v);
e a Fano variety X to be W(X) := W(m : X — {pt},{pt});
e a klt singularity (X,q) to be W(X,q) :=W(d: X — X, q).

Proof of Theorem[1.3. Given a Fano fibration germ (7 : X — Y,p) and ¢ € 7 (p). Let
v € Valjy, C Val7 , be a valuation centered at g with finite log discrepancy. Let R, be the
stalk of m,O(mL) at p. Then by taking a local trivialization near ¢, we obtain embeddings of
vector spaces

R /F) Ry, — Ox g/ FoOx q. (2.34)
Then by ([2.4) and Tonelli theorem, we have

1
(rm)"

/ e DH,,(v)(dx) = / e " dime (R /FY ™ Ryy) dt.
[0,00) 0

Then by the definition and , we obtain that
Wr(v) < Wia(v). (2.35)
Taking the infimum over v € Valjy ,, we obtain
W(m,p) < W(X,q). (2.36)
O

As mentioned in the introduction, Theorem [I.3] can also be viewed as an algebro-geometric
analogue of the Bishop—Gromov volume comparison. Moreover it can also be viewed as an
analogue of the monotonicity of the p-functional [LW23] for Kéhler-Ricci shrinkers discussed
in Section [4.1] For K&hler-Einstein metrics, the algebro-geometric analogue of the Bishop—
Gromov volume comparison was established by [Liul8|. The differential geometric heuristics
suggest that the equality in holds if and only if 7 is an isomorphism of germs.

3. FUTAKI INVARIANT AND K-STABILITY OF POLARIZED FANO FIBRATIONS

In this section, we formulate a notion of K-stability for general polarized Fano fibrations.
A preliminary attempt was given in [CDS24, Section 7] and one can see that the objects
considered in [CDS24, Conjecture 7.5] are naturally polarized Fano fibrations.

Let (m : X — Y,&) be a polarized Fano fibration. In the following discussion, for the
simplicity of notation, we assume Kx is a Cartier divisor, and the general case for Kx being
Q-Cartier can be addressed in a similar manner.
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3.1. Weighted volume of Reeb vector fields. By definition a polarized Fano fibration
(m : X — Y,¢) naturally defines a Fano fibration germ with a center at the vertex o of
Y. Any element 7 in the Reeb cone induces a valuation in Val} ,. Then we can define the
weighted volume of 7 as the weighted volume of this valuation induced by 7. Moreover, in
the following, we explain that this weighted volume is determined by the weights of 1 acting
on global sections of —mKx.

For a given Reeb vector field 7, there are two associated filtrations on the section ring

R =P R = @ H(X, -mEx).

m>0 m>0

Firstly, the T-action admits a canonical lifting to —Kx (as an automorphism of X can push
forward tangent vectors) and hence acts on the section ring R. Then we have a filtration on
R induced by the weight decomposition R,, = @aeLie(T)* Ry o

wty(s) := min{(a,n) | s = Zsa,sa # 0} and Fv)\‘,tan ={s € Ry, | wty(s) > A}. (3.1)

Secondly, 7 induces a valuation v, on the function field K (X) as follows. Choose a nonempty
T-invariant affine open subset U C X and consider the weight decomposition Ox(U) =
D, Ox(U)q. For 0 # f € Ox(U), we set

vp(f) = min{{a,n) | F =) far fo € Ox(U)as fu # 0} (3.2)

The minimum-weight rule is multiplicative, so it extends uniquely to K(X) = Frac Ox(U) by

vp(f/g9) = vy(f) — vy(9), 0# f,g€0Ox(U),

and we set vy, (0) = 4o0. It is straightforward to show that this definition is independent of U.
As 7 is a Reeb vector field, the restriction of v, to K(Y') is centered at o. By the properness
of 7, the valuation v, has a center in 7=1(0). As before, by locally trivializing the bundle
—Kx, we obtain a valuation along with the associated filtration on R. The following result
is the local discrepancy calculation in [LX18, Lemma 2.18].

Lemma 3.1. For s € R,,, we have
vy(s) = wty(s) + mAx (vy). (3.3)

In particular, the filtration associated with v,, and wt, on R,, differs only by a translation.
We define the measure

DH(n) := tax (v,), (DH(vy)) (3.4)
where ¢4, (,,)(¥) = — Ax(v;) denotes the translation on R. Then we have
W) = Wiey) = [ “DHE), 35

which by (3.3) can be computed using the weights of wt, on R.

3.2. K-stability of polarized Fano fibrations. We first define special test configurations
for a polarized Fano fibration.
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Definition 3.2 (Special test configurations). Let (7 : X — Y, &) be a polarized Fano fibration.
A special test configuration (Il : X — Y, &,n) of (7 : X — Y., ) consists of a commutative
diagram, where both Ilxy and Iy are surjective flat morphisms,

X
» N
y ty » C

satisfying the following conditions:
(1). n is a holomorphic vector field on X generating a C*-action on X and Y such that
IT, IIx and IIy are C*-equivariant, where the base C is equipped with its standard
C*-action. Moreover there is a C*-equivariant isomorphism

> H
©)

(2). Under the isomorphism , the vector field & extends to a holomorphic vector field
on X, still denoted by &, which commutes with . Moreover, £ generates a torus action
on both X and Y with respect to which Il is equivariant.

(3). X is Q-Gorenstein and (Il : Xy — Yo, &) is a polarized Fano fibration, where Xy and
Vo denote the central fibers of Ilx and Ily respectively.

;cl(C* X xC*

)
My ~ (3.6)
\ i / \

Iy % Y x C* > C*.

-1
Hy

Definition 3.3 (Product test configuration). A special test configuration is said to be a
product test configuration, if there is a &-equivariant isomorphism X ~ X xC andn = ng+20,,
where ng is a holomorphic vector field on X commuting with £ and z is the standard coordinate
on C.

Next, we define the Futaki invariant of a special test configuration.

Definition 3.4 (Futaki invariant). For a special test configuration (Il : X — Y, &,n) with
central fiber (Ilp : Xy — o, &), we define

Putg() == 5| Wy (€ + t). (3.7
t=0
Definition 3.5 (K-stability). A polarized Fano fibration (7 : X — Y,§) is said to be K-
semistable, if for any special test configuration, the Futaki invariant Fute(n) > 0.
A polarized Fano fibration (1 : X — Y, ) is said to be K-polystable if it is K-semistable
and a special test configuration has vanishing Futaki invariant if and only if it is a product
test configuration.

Remark 3.6. This unifies the notion of K-stability with respect to special test configurations
for a polarized Fano variety (when Y is a point) and a Fano cone (when 7 is the identity
map). Asin [CSI18, [BHJ17, IBLXZ23], it is possible to define K-stability for more general test
configurations, which is expected to be equivalent to the above definition using only special
test configurations. In the case when Y is a point this was proved by [LX14] and [HL23]. In
the case where 7 is the identity map, there has been progress [LW24]. Moreover, many other
related notions, like the d-invariant [FO18, BLXZ23| and Ding-stability, can be generalized to
polarized Fano fibration setting.
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The following lemma works for any polarized Fano fibration (7 : X — Y,¢), and ensures
that the Futaki invariant in (3.7) is well-defined.

Lemma 3.7. For a polarized Fano fibration (7 : X = Y,&) and 0 # n € Lie(T), we have

d 1 «a (6%
—| W(+tp) =— lim — e~ (= n) dime Ryp.a, (3.8)
dtli=o e m aEI%;T)* m
@ W(& +tn) = lim =N > e (L 2 dime Ry > 0 (3.9)
dt2 0 m—oo m" Fotr- m’ m,o . .

Proof. When dimY = 0 this is proved by [BWNI4] and it also follows from a more general
result in [BLXZ23] using Okounkov bodies. In the following, we assume dimY > 0 and we
use Okounkov bodies as in [BLXZ23]. We only deal with and a similar argument works
for (3.9). Let Ay, = {a € Lie(T)* | Rm,a # 0}. In particular, Ag is the weight lattice of the
T-action on Y.

Since — K x is relatively ample and £ is a polarization, there exist positive constants A, B
independent of m > 0, such that for o € A,,,, we have

(a, &) > —Am, and |(a,n)| < Ao, &) + Bm. (3.10)

Moreover, similar to (2.20]), we have the following uniform dimension upper bound for A > 0
and m > 1:

> dimg(Rme) < C(A+1)"m™. (3.11)
(a,&)<Am
We have a sequence of Radon measures on R? given by
1 .
DHp (&) = — > dime(Rm,a)d((a g (o ) (3.12)
aElNm,

Consider functions H,, : R? — R defined by
1 . m T m
Hy(,y) = — dime (fgtan JFE R (1 fgtan) . (3.13)

Then we obtain DH,,(&,n) = —%Hm in the sense of distributions. Using (3.11]) and some

elementary arguments, to prove (3.8)), it suffices to show that the right-hand side limit in ((3.8)
exists. It is clear that the limit depends linearly on 7, so we may assume that there exists an
ay € Ag such that (o, n) >0, i.e., there exists f; € Roq, such that

wt,(f) > 0. (3.14)

As in the proof of Proposition we again appeal to Theorem One can extend wte to
be a rank n valuation val and obtain

_ #lm — #1,
n )

Hp(z,y) = — (3.15)

where I" and I are two sub-semigroups of N"*! given by
D ={(d, do,m) | (di, - ,dn) €val(FL Rt P Rma)}
(,§) <Nm(|z[+1)

I = {(dy, dn,m) | (d1, - ,dy) € val(F R O FU Ry 0 P  Rual
(0.6 <Nm(|z|+1)
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It is clear that they satisfy Conditions (1) and (2) of Theorem Using f;,, one can choose
N > 1, and argue as in (2.21))-(2.27) to see that Condition (3) also holds. Then as in the
proof of Proposition the dominated convergence theorem implies the measure DH,, (&, )
converges weakly to a unique Radon measure DH(&, 1) on R2. Moreover, by the support
of DH(&,n) is contained in the region

{(z,y) |z > —A and |y| < Az + B}.
Then by (3.11)), one can easily show that the right-hand side limit in (3.8 exists and equals

- / ye *DH(, 7).
R2

Lastly, we verify that the second derivative in (3.9)) is always positive. Indeed since 7 is
nonzero, up to replacing by —n, we can find n + 1 algebraically independent sections s; €
Ry, «; such that
67}
—,n) > 0. 3.17
(%) (3.17)
Using these sections, it is easy to see the right-hand side of ({3.9)) is positive. O

It follows from that the weighted volume is a strictly convex function on the Reeb
cone. In particular, there exists at most one critical (and minimum) point of W on the
Reeb cone. This fact generalizes the volume minimization principle in [MSY08] for Ricci-flat
Kahler cones, in [TZ02] for compact Kédhler-Ricci shrinkers and in [CDS24] for non-compact
Kahler—Ricci shrinkers with bounded Ricci curvature.

Remark 3.8. Following [BWN14], BLXZ23| BLQ24], two-dimensional Duistermaat—Heckman
measures can be defined for general Fano fibrations, associated with a pair of filtrations
satisfying certain “properness” conditions. This approach would play a role in studying the
convexity of various functionals and the uniqueness of the weighted volume minimizer.

3.3. The case when X is smooth. The above definition of weighted volume is motivated
to give an algebro-geometric interpretation of the weighted volume in [CDS24] which was
defined in terms of symplectic geometry. Suppose (7 : X — Y §) is a polarized Fano fibration
with X smooth. We now explain that the two definitions of weighted volume coincide.

First, using the fact that the polarized Fano fibration can be equivariantly embedded into
CN1 x CPN2, it is easy to construct a T-invariant positively curved smooth hermitian metric on
— K x with curvature form —v/—1w (then w € 27c1 (X)), such that the T-action is Hamiltonian
with respect to w with a moment map p : X — Lie(T)* and ug := (11, §) is proper and bounded
below on X. Note that moment maps are not unique and they differ by an element in Lie(T)*:
a choice of the moment map corresponds to a lift of the T-action to the line bundle —Kx.
Here we have a canonical lifting for the T-action, as automorphisms of the manifold can push
forward tangent vectors. In the following, we work with the moment map associated with
this canonical lifting and note that the properness of u¢ is independent of the choice of the
moment map.

In [CDS24], the analytic weighted volume is defined as

1

an o _<M»7I>w7n
W (n) : (ZW)”/XG e (3.18)

Using the Duistermaat-Heckman formula [PW94], it is shown in [CDS24] that (3.18)) is well-
defined for 7 belonging to an open convex cone A C Lie(T), which contains &.
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Proposition 3.9. In the above setting we have
WH(E) = W(E),
where W (&) is defined in (3.5)).

Proof. Since w : X — Y is a polarized Fano fibration, X is weakly pseudo-convex, and —Kx
admits a smooth hermitian metric with positive curvature form. Then by [Dem97, Chapter
VIII-Theorem 5.6, we know that for all £ > 1 and m >0

H*(X,-mKx) = 0.

Then we can apply [CDS24, Proposition 7.2], which uses Wu’s Riemann-Roch type formula
[Wu03], to obtain that

W (€) = lim icharHO(X —mKx) (i) (3.19)

m—oo m™

where char denotes the (formal) character for the T-action. Here by the choice of the moment
map, the right-hand side of (3.19)) equals

— =38
n}gnoo p— Z dimg(Rpa)e . (3.20)
a€Lie(T)*
By Proposition 2.1 and Lemma [3.1] the measure
Z dimg (R )02 g (3.21)
a€Lie(T)

converges weakly to DH(E). Therefore, by the definition of W(¢), it is sufficient to verify the
validity of interchange of limits and integration. Integrating by parts, we obtain that

a 1 o
— > dimg(Rme)e Wt < n/ e dime (R /Fot " Ryn )t (3.22)
m,g )>A meJaA
Then the conclusion follows from and the uniform dimension estimate ([2.20)). O

As in [CDS24], there is an explicit expression for the moment map corresponding to the
canonical lifting. By construction there is a T-invariant Ricci potential h for w, i.e.,

Ric(w) + V—100h = w. (3.23)

(Note that it is proved in [CDS24, Lemma 5.10] that if (w, f) is a Kahler-Ricci shrinker, the
moment map always exists and f is automatically invariant under the T-action. So in this
case we can choose h = f.)

Then we can normalize the moment map for n € Lie(T) as follows:

1
Aty + Uy + §J77 -h =0. (3.24)

We can easily check that this normalization corresponds to the canonical lifting of the T-

action. Indeed, note that
1. 1L_ 0"
Ayuy = —ile(JU) = iTZ
Therefore at a zero x of n, by (3.24) and (3.25)), for s € (—Kx ), we have

Lys = —1luys. (3.26)

This implies that u, is the moment map corresponding to the canonical lifting of the T-action
on — K X

(3.25)
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The weighted volume of a shrinker is closely related to Perelman’s W-entropy, p-functional
and reduced volume [Per02]. Recall that on a compact real m-dimensional Riemannian man-
ifold (X, g) with a smooth function ¢ and 7 > 0, Perelman’s W-entropy and p-functional are
defined as

eid)
W(g,6,7) = /X (r (V0P + B) +6 = m) (o, (3.27)
6_¢
u(g,7) = mf (W (g, 6,7) | /X Torg®e =11 (3.28)

This definition can be generalized to non-compact Ricci shrinkers [LW23]. In this paper, we
work with Kéhler-Ricci shrinkers (g, J,w, f) under the convention (|1.1) and normalize f such
that (1.2]) holds, that is we have

Auf+f— VY2 =o. (3.29)

The results from [LW23, [CN09] show that the function u(g,7) is decreasing on (0, 3) and
increasing on (%, 00) and moreover,

29
(2710” / e_(f"“”)%?: = et:3), (3.30)
X .

Let & denote the soliton vector field as before. Then by Proposition and (3.18)), we obtain
that on a Kahler-Ricci shrinker, the algebraically defined weighted volume satisfies

W(E) = etoa)tn, (3.31)

4. THE CONJECTURES

4.1. YTD type conjecture. It is natural to study singular K&hler—Ricci shrinkers. We
propose the following definition.

Definition 4.1. A singular Kdihler—Ricci shrinker consists of the data (X, &, w, f) satisfying
the following conditions:

e (X,&) admits a polarized Fano fibration structure;

e w is a {-invariant positive (1, 1)-current with locally bounded potentials, whose restric-
tion to X8 is a smooth Kahler form;

e f is a continuous function on X, smooth on the reqular locus X™8. Moreover, f is
proper and bounded from below, and satisfies & = JV f on X,

o [y IV f|Fe=Tw™ < oo for every k > 0;

e on X' the soliton equation holds:

Ric(w) + vV—-190f = w. (4.1)

When Y is a point, this definition reduces to that of a Kdhler—Ricci shrinker on a polarized
Fano variety. When 7 is the identity map, we expect it to reduce to that of a Ricci-flat Kéhler
cone metric on a Fano cone (see Conjecture . When X is smooth, a singular Kahler—Ricci
shrinker as defined above is smooth on X and is known to define a complete metric. Thus,
in this case, our definition agrees with the standard definition of a Kahler—Ricci shrinker on
a smooth complex manifold. Throughout this section, a Kahler—Ricci shrinker is understood
in the sense of Definition [4.1], allowing the underlying variety to be singular.

Given a polarized Fano fibration (7 : X — Y.,§), we say that it admits a K&hler—Ricci
shrinker if there exists a singular Kédhler—Ricci shrinker (X, §, w, f) on X satisfying JV f = &.
This leads to the following YTD conjecture for singular polarized Fano fibrations.
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Conjecture 4.2. A polarized Fano fibration (7 : X — Y, &) admits a Kdhler—Ricci shrinker,
unique up to the action of Aut(X,§), if and only if it is K-polystable.

It is also an open question to understand the metric geometry of a Kéahler-Ricci shrinker.
For example, one expects suitable conical behavior at infinity.

Conjecture 4.3 (Asymptotic conicity). A Kdhler-Ricci shrinker is weakly asymptotically
conical in the sense that it has a unique asymptotic cone at infinity, which is a Kdhler cone
metric on Y.

The interest of these conjectures lies in the analysis in the non-compact setting, without
a priori prescribing the behavior at infinity. This is in the spirit of a free boundary prob-
lem. Some explicit examples of Kéhler-Ricci shrinkers using the Calabi ansatz have been
constructed in [K0i90, [Ca096, [FTK03, DW11l, [FW11l, [Li10].

The uniqueness part of Conjecture was proved in [Cif22] in the toric setting. Under the
assumption of quadratic curvature decay, Conjecture holds by [MW17, I[CDS24], and there
is work by Esparza [Esp25] on the uniqueness part of Conjecture In the toric setting, one
expects that a toric Fano fibration always admits a unique K-polystable polarization and hence
admits a toric K&hler-Ricci shrinker. This is known in the compact setting [WZ04, BB13]
and progress has been made by [CCD24a] in the non-compact setting.

When 7 is the identity map, by definition a Ricci-flat Kahler cone metric is a K&hler-Ricci
shrinker. On the other hand, the K-stability notions for these two objects coincide on a Fano
cone. The uniqueness part in Conjecture [4.2] would imply the converse:

Conjecture 4.4. On a Fano cone X, every Kdhler-Ricci shrinker is a Ricci-flat Kdhler cone
metric.

This is a purely differential geometric statement. We give heuristic arguments here under
extra assumptions. Let g denote the Riemannian metric of a K&ahler-Ricci shrinker on X
with soliton vector field . Suppose one can apply the results in [DS17] to get a 2-step
degeneration to its unique tangent cone (C,gc) at the vertex o € X, which is a Ricci-flat
Kéhler cone. Then by the monotonicity [LW20] and upper-semicontinuity [CCGT07, Lemma
6.28] of the p-functional, we can get

1 . 1 . 1
1(ge, =) > limsup (v~ g, =) = limsup (g, 7) > p(g, =). (4.2)
2 7—0 2 70 2

Then using [CNQO9] (see also [LW20), Proposition 3]), one sees that (see for the smooth
case)

erloez)tn — W(vg) and eto:3)4n — W(¢), (4.3)
where v, denotes the valuation induced by the metric g [DS17, Section 3.2]. Since g¢ is a
Ricci-flat Kéhler cone metric, the valuation v, minimizes the weighted volume [LX18], and
then the equality holds in . From the variation of the p-functional, we can see that g is
a cone metric with Reeb vector field ¢, implying g must be Ricci-flat since its tangent cone at
o is Ricci-flat.

4.2. Weighted volume minimization. We propose the following 2-step degeneration con-
jecture for weighted volume minimization. The goal is to degenerate a Fano fibration germ
to a K-polystable polarized Fano fibration.

Conjecture 4.5. (2-step degeneration for weighted volume) Let (m : X — Y,p) be a Fano
fibration germ.
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(1). There is a unique minimizer v, of W on Valy , which is quasi-monomial.
9.

(2). The graded ring Gr,, (Oy,) is finitely generated and @,,~y Gro, (Rm) is a finitely
generated algebra over Gr,, (Oy,p). -

(3). Let W = Spec(Gry, (Oyyp)) and Z = Projy (B,,>0 Gro. (Rm)). Then v, induces a
vector field & on Z which descends to W. The natural map @ : Z — W and & define a
K-semistable polarized Fano fibration. Moreover, v, is uniquely characterized by this
K-semistability property.

(4). There is an equivariant test configuration degenerating (7 : Z — W,&) to a unique
K-polystable polarized Fano fibration (7 : S — C,¢§).

This brings together a few special situations studied previously. When 7 is the identity
map this essentially reduces to the minimization of normalized volume for klt singularities in
[Lil8]. When Y is a point, this reduces to the 2-step degeneration theory for Fano varieties
[DS20], HL24]. In these two cases the conjecture is known by the work of many people; see
[XZ22, BLXZ23] and the references therein. One expects that suitable extensions of these
techniques can be used to prove Conjecture 4.5

It is also interesting to investigate more closely the set of weighted volumes of Fano fibration
germs. As usual one expects that the weighted volume is lower semi-continuous in flat families
of Fano fibration germs, which would imply the maximal volume of a birational Fano fibration
germ in dimension n is uniquely achieved by the standard (Id : C* — C",0). Compare
[Fuj18, LX19, BL21] for results on similar questions in related settings. Here, a Fano fibration
germ (m : X — Y,p) is called birational if 7 is birational. Moreover, as an analogue of the
ODP volume gap conjecture (see [SS17]), it is natural to ask:

Question 4.6. Determine the second largest weighted volume of a birational Fano fibration
germ in dimension n.

There are two natural candidates: 7 : Blp(C") — C™ and the ODP kit singularity (with
7 = Id). Note that there is a well-known FIK Ké&hler-Ricci shrinker [FIK03] on 7 : Blp(C") —
C™, whose Reeb vector field is a multiple of the standard rotational vector field on C" and
whose weighted volume has an explicit formula; see [CDS24, Appendix A.4].

4.3. Moduli theory. The study of canonical metrics in Kéhler geometry is closely related to
the construction of moduli spaces in algebraic geometry. One prominent example is the case
of Kéahler-Einstein metrics on Fano varieties. Building on the differential geometric results of
[DS14] [CDS15l [SSY16], the compactified moduli space of smooth K-polystable Fano varieties
was constructed by [LWX19] and [Odal5]. Later this has been generalized to non-smoothable
Fano varieties in algebraic geometry by [Jia20, BLX22] (X720l [LXZ22]. There are also related
studies of moduli theory for Fano cone singularities (corresponding to Ricci-flat Kéhler cone
metrics) and for polarized Fano varieties (corresponding to compact Kéhler-Ricci shrinkers)
in both differential and algebraic geometry; see for example [Sun23|, HLW21| XZ24| [Oda24al
Oda24bl, [Che24]. We expect all of these can be incorporated into one theory:

Conjecture 4.7 (K-moduli for polarized Fano fibrations). Given a positive integer n and € >
0, there exists a projective moduli space parametrizing K-polystable polarized Fano fibrations
of dimension n and weighted volume at least .

Here the weighted volume of a K-polystable polarized Fano fibration (7 : X — Y,¢) is
defined to be W(¢) (cf. (3.5))). In particular, we expect:

e (Boundedness) The set of K-semistable polarized Fano fibrations with weighted volume
bounded below by a positive constant € > 0 forms a bounded family.
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This question is related to the weak compactness of Ricci shrinkers (see [HLW21, [LLW21]
for instance). Notice that in the case when Y is a point, the boundedness question above is
known, as a consequence of ; for instance, one way to see this is through the finite degree
formula in [XZ21] and the boundedness result in [HMX14].

In birational geometry, a well-known question is on the termination of flips in the minimal
model program. This is related to bounding the weighted volume from below for the Fano
fibrations coming from the extremal contractions along a fixed minimal model program.

4.4. Kahler-Ricci flow I: finite time singularities. Consider the Ricci-flow on a compact
Kéhler manifold (X, w)

0 :
aw(t) = —Ric(w(t)) (4.4)

with w(0) = w. In [ST17], it is proposed that analyzing this flow constitutes an analytic
analogue of the minimal model program (with scaling) in birational geometry, often referred
to as the analytic minimal model program. It is well-known [TZ06] that the flow exists
exactly on [0,T), where T' can be numerically computed as the supremum of all ¢ > 0 such
that [w] — 27te; (X) is a Kéahler class.

If Kx is not nef, then T' < oo and the flow must encounter finite time singularities at
T. From now on we assume X is projective and the initial Kéhler class [w(0)] = 2mei (L)
for some line bundle L. Then by the Kawamata basepoint free theorem, we obtain a Fano
fibration 7 : X — Y induced by the semi-ample Q-line bundle L+T Kx. When X is Fano and
[w] € 2meq (X)), it is shown in [CSWI§| that there is a 2-step degeneration from the normalized
Kahler-Ricci flow to a unique Kéhler-Ricci shrinker on a Q-Fano variety. Motivated by this
we make the following.

Motivated by this we make the following

Conjecture 4.8 (2-step degeneration for Kéhler-Ricci flows). Let 7 : X — Y be the Fano
fibration at the singular time T < co. For anyp €Y and q € 7 (p),

e The Kahler-Ricci flow w(t) naturally induces a weighted volume minimizing (hence
K-semistable) valuation on (7w : X =Y, p).

e The tangent flow of w(t) at q is unique, and is given by the Kdhler-Ricci shrinker
(m:8 — C,§) canonically associated with the Fano fibration germ (m : X — Y, p) via
Conjecture [{.5 and Conjecture [.2.

Remark 4.9. As mentioned in the introduction, one can more generally consider a Kéhler-
Ricci flow space-time with singularities in a suitable sense and study the tangent flow at a
singularity. This will then include the above situation as well as the case of tangent cones
at singularities of Kéhler-Einstein metrics in the sense of [DS17] (which are self-similar Ricci
flow solutions).

Remark 4.10. When the Fano fibration 7 is birational, Conjecture gives a precise char-
acterization of the Ké&hler-Ricci shrinker appearing in the shrinker-to-expander transition,
conjectured in [Sonl3|] for the analytic minimal model program. As in [Sonl3|, one expects
there exists a Kahler-Ricci expander £, whose asymptotic cone coincides with that of the
Kahler-Ricci shrinker produced in this conjecture. The underlying variety of £ is the unique
canonical model for Ks over C, whose existence is guaranteed by [BCHMI10]. There has been
some work constructing Kéahler-Ricci expanders; see [CD20] and the references therein.

Theorem is a first step towards proving Conjecture [4.8] The uniqueness of tangent
flows with singularities is in general a difficult question in geometric analysis, and the above
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conjecture leads to an algebro-geometric way of proving such uniqueness. This strategy has
been successfully realized in [DS17] for the uniqueness of tangent cones of singular Kéhler-
Einstein metrics and in [CSW1§]| for the uniqueness of tangent flows for the Ricci flow on Fano
manifolds. It is possible to apply the techniques in [DS17,[CSW18] and the weak compactness
theory in [Bam20a)] to tackle Conjecture Some partial progress towards generalizing the
infinitesimal result of [DS17] has been made by [Hal23a]. We mention that there are also
results explicitly determining the tangent flows in special settings; see [CCD24b), [JST23].

Regarding the first part of the conjecture, we propose the following construction. Write
Ry = (m.0(—mKx)), for m > 0. Fix ¢ € 71(p) and then for any sequence of times T; /T,
we can pass to a subsequence to obtain convergence in C%. (X x [0,T) to a positive solution

w = lim K(q, T35+, -): X x [0,T) = R
71— 00

of the conjugate heat equation [MM15, Lemma 2.2]. Let
w(t)™
n! ’

dps = ug hi = uthy,),

where hy,;) is the induced hermitian metric on —Kx. Thus the volume form associated with
hy is the probability measure du;. For 0 # s € R, represented on a neighborhood U of
7 1(p), choose a smooth cutoff 0 < y < 1 supported compactly in U and equal to 1 near
7~ 1(p), and set

512 = [ Xlslgn din

We expect that the asymptotic degree
log [|s||7 ¢
do(s) = lim ——&~
als) t—1- log(T —t)
exists as a finite real number and is independent of U and x. These degrees may be negative.
Set dy(0) = +oo. We further expect that

dq(s152) = dq(s1) + dg(s2),
dg(s1 + s2) > min{dy(s1),dg(s2)},

with the last inequality concerning sections of the same tensor degree. Assuming these asser-
tions, we obtain a valuation on the rational function field K(X) by

Uq(sl/SQ) = dq(sl) — dq(SQ), 0 75 S1,82 € Ry,

(4.5)

(4.6)

and vy(0) = +o0.

For the self-similar flow generated by a Kéahler—Ricci shrinker with soliton vector field &,
take dy; to be the soliton conjugate heat measure. The scaling of the canonically lifted action
gives dgy(s) = wte(s) for algebraic sections with finite weighted norms, and hence vg = ve.

For the general flow, we expect that v, € Valy ) and v, is independent of q € 771 (p) and
of the choice of limiting conjugate heat kernel u;, and is the weighted volume minimizing
valuation in Conjecture [£.5]

4.5. Kéahler—Ricci flow II: ancient solutions. By drawing an analogy with the theory of
complete Ricci-flat Kéahler metrics with Euclidean volume growth, one can also reverse the
rescaling direction and consider non-collapsed ancient solutions to the Kahler-Ricci flow. By
definition this means a Kéhler-Ricci flow g(¢)(t € (—o0,0]) of complete Kéhler metrics on a
fixed complex manifold X with Perelman’s p-functional p(g(t), —t) uniformly bounded from
below. Algebro-geometrically we introduce:
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Definition 4.11 (Non-collapsing weak Fano fibration). A non-collapsing weak Fano fibration
s a fibration w : X — Y, where X has kit singularities, Y is a normal affine variety and
—Kx s a relatively nef and big Q-Cartier divisor.

Notice that the relative bigness of — K x and the affineness of Y reflect the essence of the non-
collapsing condition. Denote R, = H°(X,—mKx). In particular, Ry is the ring of regular
functions on X (and on Y'), which is a finitely generated C-algebra. Let R := €, Rm be
the global anti-canonical ring. By the relative base point free theorem [KM98, Theorem 3.24],
R is a finitely generated graded algebra over fRyg. A negative valuation on a non-collapsing
weak Fano fibration 7 : X — Y consists of a function d : R\ {0} — R satisfying

e d(s1+ s2) > min{d(s1),d(s2)};
o d(s1s2) = d(s1) + d(s2);
e d(f)<0for 0+# f € Ro.

Definition 4.12. We say a negative valuation is K-polystable if the associated graded algebra
s finitely generated and with the reversed grading it defines a K-polystable polarized Fano
fibration (7 : S — C,£).

We make the following conjecture, which serves as a global version of Conjecture

Conjecture 4.13 (Tangent flows at infinity). Let (X,w(t))(t € (—o00,0]) be a non-collapsed
ancient Kdhler-Ricci flow. Then

e X admits a non-collapsing weak Fano fibration structure and the flow naturally induces
a K-polystable negative valuation;

e The tangent flow at infinity of w(t) is unique and is given by the Kdhler-Ricci shrinker
determined by the K-polystable negative valuation via Congjecture [{.3

As in Section [£.4] we propose a formula for the negative valuation induced by the flow. For
this construction, assume that the curvature is bounded on each compact time interval. Fix
g € X and let
w(t)"
n! ’

dps = ug

ht = uthw(t)7

where wu; is the conjugate heat kernel with pole at the regular space-time point (g,0); see
[Bam20b, Section 2.3 and Definition 2.4], with the noncompact extension justified in [Bam25,
Appendix A]. Assuming the conjectural algebraic structure on X, for 0 # s € R, we set

log ||s

. |2
IsllZ; = /X|S|i;@m dpg,  d(s) = — lim 0t (4.7)

t—=—oc0 log(—t)

We expect that algebraic sections have finite norms, that these limits exist as finite real
numbers independently of ¢, and that they define a K-polystable negative valuation.

For the self-similar model, using the soliton conjugate heat measure, an algebraic section
s =), Sa satisfies

d(s) = —max{(a,§) : sq # 0}.

This explains the reversal of the filtration grading. For example, for the Gaussian shrinker on
C", writing e = 9,, A -+ A D, , we have d(2%e®™) = mn — |a.

Note that a “no-semistability at infinity” phenomenon is expected in Conjecture .13} which
is motivated by [SZ23|. Moreover, conjecturally non-collapsed ancient Kéahler-Ricci flows can
be characterized by the following algebraic data:

e A choice of a K-polystable polarized Fano fibration (7 : S — C,¢).
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e A choice of a K-polystable negative valuation on a non-collapsing weak Fano fibration
(m: X —Y), which degenerates it to (7 : S — C,§).

o A

choice of a Kéhler class on X (corresponding to [w(0)]).

Remark 4.14. The weighted volume of the Kéahler-Ricci shrinkers obtained in Conjecture [4.8
and is related to Perelman’s W-entropy along the Ricci flow; see [MM15, Xul7, MZ21]

Hal23H].
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